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A nonlinear convective instability in a layer of magnetic fluid is investigated in
the presence of an applied magnetic field and temperature gradient. The stability
of steady state patterns resulting from the convective instability is discussed using
bifurcation theory. Rolls are found to be stable on both the square and hexagonal
lattices. Q 1997 Academic Press
INTRODUCTION
Rayleigh]Benard convection in the absence of magnetic field is one of
interesting and well studied problem of nonlinear pattern selection see
w x w x w x.Chandrasekhar 1 , Koschmieder 2 , and Busse 3 . Most of the theoreti-
cal work on convection assumes Boussinesq approximation. The weakly
w x w xnonlinear theory was developed by Gor'kov 4 , Malkus and Veronis 5 ,
w xand Schluter et al. 6 . The finite amplitude of instability was found to be
 .1r2proportional to R y R , R being the Rayleigh number. This wasC
w xobserved experimentally by Dubois and Berge 7 . Using only infinite layerÂ
approximation, the weakly nonlinear theory predicts that rolls are the
preferred pattern and gives nonunique supercritical wavelengths. Accord-
w xing to the moderately nonlinear theory of Busse 3 , using the Galerkin
method, two dimensional rolls are stable in only a part of the range given
by the neutral curve of linear theory.
The problem of convection in an incompressible magnetically polariz-
able fluid in the presence of magnetic field and temperature gradient has
w xgenerated a lot of interest in recent years 8]16 . Convective instability of
magnetic fluid is important in regenerative magnetocaloric energy conver-
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w xsion. Neuringer and Rosensweig 8 studied fluid dynamics and heat
w xtransfer processes in magnetic fluids. Gotoh and Yamada 10 discussed
w xthermal convection in a horizontal layer of magnetic fluid. Finlayson 11
examined the onset of convection in a horizontal layer of magnetic fluid
heated from below in the presence of vertical magnetic field using the
w xGalerkin method. Kikura et al. 12 investigated the effect of magnetic
field on the transient temperature distributions and the local and averaged
Nusselt numbers in natural convection in a magnetic fluid in a cubic
w xcontainer. Russell et al. 13 calculated the heat transfer in strongly
magnetized ferrofluid heated from above.
Most of the work on convection is confined to the use of perturbation
theory. This theory gives many interesting results as summarized by
w x w xKoschmieder 2 . It was predicted by Golubitsky et al. 15 that the
perturbation theory fails to take advantage of various symmetries of the
problem and one is not sure which solutions are consequences of the
symmetries and hence which class of the problem will exhibit same
dynamics. Moreover perturbation theory does not justify the neglect of
higher order terms in the analysis. The main theme is to what order must
an expansion be taken if the addition of higher order terms is not to
change any qualitative aspects of the dynamics. At the onset of convection,
the original translational and rotational symmetries of static infinite fluid
layer get broken, resulting in the appearance of various patterns. Symme-
try breaking bifurcation theory is needed to find the stability of these
patterns.
Magnetization of a magnetic fluid depends upon temperature and the
strength of the magnetic field, resulting in the magnetocaloric effect.
When the magnetic parameter M depending upon the magnetization of
the fluid is changed uniformly, an instability sets in when M exceeds the
critical value M , resulting in various patterns}rolls, squares, or hexagons.C
The stability of these patterns is dependent upon the Rayleigh Number R,
Prandtl number s , and the parameter A describing the basic magnetiza-
tion of the fluid. Using equivariant bifurcation theory and group theoretic
w xmethods 16]19 , we theoretically discuss the stability of these patterns.
In Section 2, we formulate the nonlinear boundary value problem. The
problem is presented as a bifurcation problem on a doubly periodic lattice
in the plane that lies either on the square or on the hexagonal lattice. The
linear analysis of the problem yields a critical value of M and is given in
Section 3. As M is increased beyond the critical value, the conduction
states loses its stability and the steady state bifurcation solution of the
equation of motion results in pattern formation. In Section 4 we obtain
nonlinear solutions for rolls, squares, and hexagons. The stability of steady
state solutions is discussed in Section 5. Rolls have been found to be the
only stable patterns in magnetic fluid convection.
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2. FORMULATION OF THE PROBLEM
Consider an infinite horizontal layer of an incompressible, nonconduct-
ing magnetic fluid of finite depth. The temperature of the upper and the
lower conducting boundaries is kept constant, with the lower surface being
at higher temperature than the upper surface. A uniform magnetic field
 .0, 0, H is applied across the fluid in the vertical z direction. The0
 .gravitational force 0, 0, yg acts in the negative z direction.
A magnetic body force m M ? =H appears as a result of polarization of0
the fluid in the presence of magnetic field. Here m is the magnetic0
permeability of free space, M is the magnetization of the fluid, and =H is
the magnetic field gradient. The Navier]Stokes equation for the magnetic
fluid is
d V
2r s y=p q rg q m = V q m M ? =H , 1 .0dt
where r, p, m, and V are the density, the pressure, the coefficient of
 .viscosity, and the velocity field V s u, ¨ , w . The equation of continuity is
= ? V s 0. 2 .
Magnetic induction B and the field H satisfy
= ? B s 0, = = H s 0, 3 .
where
B s m M q H . .0
We assume that the magnetization depends on the magnetic field H and
temperature T. The magnetization function
M s M q x H y H y K T y T , 4 .  .  .0 r 0 0
where
­ M ­ M
x s and K s y , 5 .r  /  /­ H ­ TH , T H , T0 0 0 0
are the differential magnetic susceptibility and the pyromagnetic coeffi-
cient, and H and T are the average strength of the applied magnetic0 0
field and the average temperature respectively, for the magnetic fluid
under consideration.
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The equation for the energy is
­ M dT ­ M dH
2rC y m H ? q m T ? s k = T , 6 .V , H 0 0 T /  /­ T dt ­ T dtV , H V , H
where C is the specific heat capacity at constant volume and magneticV , H
field and k is the thermal conductivity.T
We assume that the fluid satisfies the Oberbeck]Boussinesq approxima-
tion
r s r 1 y a T y T , 7 .  .0 T 0
where r and a are the equilibrium density and the thermal coefficient,0 T
respectively.
We now introduce dimensionless parameters: Prandtl number s s nr
. w 4  .xk , Rayleigh number R s ga g l r n k , and magnetic number MT T T
w 2 2 4   .xs m K g l r r k n 1 q x , giving the measure of magnetic force due0 0 T r
to temperature fluctuations, where n is the kinematic viscosity, l is the
 .characteristic length, and g s y­ Tr­ z is the temperature gradient.
 .  .Equations 1 ] 7 governing the departures of temperature, magnetic field,
and pressure from their equilibrium values are
­ V
2q V ? = V y s = V s =P q Rs Tz q s M T y H z .  .Ã Ã
­ t
xGq s M H =T y H =H , 8 . /1 q xr
­ T
2q V ? = T s w q = T , 9 .  .
­ t
= ? V s 0. 10 .
 .  .From Eqs. 3 and 4 we obtain
A =2H q 1 y A ­ 2Hr­ z 2 s ­ 2Tr­ z 2 , 11 .  .
H s =f . 12 .
 .  .where H s¬ H ¬ and A s 1 q x r 1 q x . Here x is the magnetic fieldr s s
susceptibility and x is the differential magnetic field susceptibility.r
The boundary conditions at the two horizontal boundaries are
w s ­ 2 wr­ z 2 s T s 0 at z s 0, 1. 13 .
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The normal component of magnetic induction and the tangential compo-
nent of the magnetic field are continuous across the boundaries. The
magnetic boundary conditions are
­fr­ z s 0 at z s 0, 1. 14 .
The basic equations governing the problem along with the boundary
 .  .  .conditions 8 ] 14 are equivalent under the Euclidean group E 2 and
also with respect to the reflection in the midplane:
Translation of plane:
x , y ª x q l , y q l , l , l g Z. 15 .  .  .1 2 1 2
Rotation of the plane:
u , ¨ , w , P , T ª u , ¨ , w , P , T . 16 .  .  .
Reflection in the midplane: z ª 1 y z 17 .
and
u , ¨ , w , P , T ª u , ¨ , yw , P , yT . 18 .  .  .
 .Thus, the symmetry group of the problem is E 2 = Z .2
3. LINEAR THEORY
 .  .  .Equations 8 ] 14 have the trivial conduction solution V, P, T s
 .0, 0, 0 . The magnetic parameter M and the Rayleigh number R are
proportional to the temperature gradient. As the magnetic parameter M is
increased beyond a critical value M , the steady state bifurcation occurs,C
leading to magnetoconvection. The value of M is found analytically to beC
32 2 2 2 2 4M s p q k y Rk p q Ak r Ak , 19 .  .  .  . /C
where
k s¬ k ¬ , k s k , k 20 . .x y
 .is the wave vector. The neutral stability curve Fig. 1 has a minimum at
k s k which has been found numerically and is shown in the graph Fig.C
.1 . It is interesting to note that the critical value of the magnetic parame-
 2ter M decreases with increases in parameter A: For A s 1, M s p qC C
2 .3 2 . 2 2 . 4  2 2 .3k y Rk p q k rk , whereas for A ª infinity, M s p q kC C C C C C
2 . 2yRk rk .C C
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2 2  2 2FIG. 1. The variation of M with x s k rp . x s k rp corresponds to the minimumC C
.of M , i.e., M .C
The critical value of the magnetic parameter M is independent of the
 .Prandtl number s . We further observe from the stability diagram Fig. 1
that the critical wave number decreases with increases in the parameters
R or A. For ordinary nonmagnetic fluids, M s 0, the Rayleigh number R
w xdetermines the onset of instability at its critical value 1 :
32 2 2 2 2R s p q k rk , k s p r2. 21 . .C C C C
4. NONLINEAR THEORY
In this section we discuss the patterns arising out of steady state
bifurcation. We assume here that the convection is induced mainly by
magnetic force so that the stability of the fluid layer is characterized by the
magnetic parameter M. The bifurcation parameter l is taken as a function
 .of M , l s M y M rM . We consider the vertical velocity component wC C
as a doubly periodic scalar real valued function on R2 with periods e , e1 2
so that
w x , y , z s w exp i k l x q k l y , 22 .  .  . .  . l , l 1 1 2 21 2
l , l gZ1 2
BAJAJ AND MALIK178
w are complex amplitudes and k , k are wave vectors in the reciprocall , l 1 21 2
lattice such that k e s k e s 2p and k e s k e s 0. L s n e q1 1 2 2 1 2 2 1 1 1
4n e : n , n g Z is the lattice generated by e , e . The translational2 2 1 2 1 2
symmetry of doubly periodic function w is identified with two tori T 2 s
2  .R rL and the rotational part of E 2 consists of discrete symmetries D4
for square lattices and D for hexagonal lattices. Z denotes reflection in6 2
the midplane of the layer. Thus, the squares pattern lies on the square
lattice with symmetry group
G s D = T 2 = Z , 23 .S 4 2
while the hexagonal pattern lies on the hexagonal lattice symmetry group
G s D = T 2 = Z 24 .H 6 2
and the rolls solution lies on both the lattices.
With these assumptions, the kernel of the linear operator at k s k ,C
describing the stability properties of the conduction state, becomes finite
dimensional. All other modes have eigenvalues with real part bounded
w xaway from zero. The centre manifold theorem 20 describes the dynamics
 .  .in terms of a system of ordinary differential equations 1 ] 7 in the
neighborhood of equilibrium state M s M .C
 .  .We now discuss steady state solutions of Eqs. 8 ] 14 in the form of
 .rolls, squares, and hexagons. Equation 8 is simplified on taking the curl
of the equation twice. This operation eliminates the pressure P and the
linear terms involving u and ¨ from the z component of velocity w.Ã
 2  . 2 2 . 2Further on operating A= q 1 y A ­ r­ z = on the resulting equa-
tions to eliminate the linear terms in T we get the following steady state
equation for w:
L w s lL w q N V, V q N V, T q N H , T q N H , H , .  .  .  .  .  .0 1 1 2 3 4
25 .
l s M y M rM . 26 .  .C C
The various operators L and N and the steady state equations for u, ¨ ,i i
T , and H are defined in the Appendix. In order to obtain the bifurcation
solutions of these equations in the vicinity of M , along with boundaryC
conditions, we expand the various perturbed physical quantities in terms of
a perturbation series in the pattern amplitude A :1
F s A F q A2 F q A3F , qO A4 , 27 . .1 1 1 2 1 3 1
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w where F represents the physical quantities w, T , u, ¨ , H, and l s M y
. x  .  .M rM . Equation 25 in the lower order in A admits the rolls R ,C C 1
 .  .squares S , and hexagonal H solutions:
R w R s exp ik x sin p z q c.c., 28 .  .  . .1 C
S w S s exp ik x q exp ik y sin p z q c.c., 29 .  .  .  . .1 C C
H w H s exp ik x q exp ik yx q 63 y r2 .  .  . .1 C C
qexp ik x q 63 y r2 sin p z q c.c. 30 .  . . .C
 .  .  .Equations A7 ] A10 admit the square solution of O A :1
T s w sr p 2 q k 2 , .1 1 C
H s p 2 w Sr p 2 q k 2 p 2 q Ak 2 , .  . .1 1 C C
u s ­ 2 w Sr­ x ­ z rk 2 k , .1 C
¨ s ­ 2 w Sr­ y ­ z rk 2 . 31 . .1 C
Similar expressions also exist for rolls and hexagons. Now proceeding to
 .second order, Eq. 25 yields
L w s M L w .  .0 2 1 1 1
q N V , V q N V , T q N H , T q N H , H . 32 .  .  .  .  .1 1 1 2 1 1 3 1 1 4 1 1
 .Here M is the coefficient of the linear term in the expansion 27 for l.1
With a view to obtain the uniformly valid solutions, we require that the
solutions w of this equation must be spatially periodic. This condition2
 .implies that all terms on the RHS of Eq. 32 lying in the kernel of L0
 w x.  .must vanish see 9 . Since none of the nonlinear terms in 32 lies in the
kernel of L , therefore we require that the various coefficients appearing0
 .in Eq. 32 should satisfy
M R s M S s M H s 0. 33 .1 1 1
The condition yield
R w R s 0, 34 .  .2
S w S s a f x , y sin 2p z , 35 .  .  .2
where
f x , y s exp ik x q y q exp ik x y y q c.c. 36 .  .  .  . .  .C C
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and
4p 2 q 2k 2 2p k 2 R .C C2 2a s y2p p q k y .C 2 2 s p q k .C
4p A M k 4C Cy 2 2 2 2 5p q k 4p q 2 Ak .  . .C C
y144 A M k3 C C2 2 22k q 4p y 2k R y , 37 . .C C 2 2 54p q 2 Ak .C
H w H s b g x , y q b g x , y sin 2p z , 38 .  .  .  . .2 1 1 2 2
g x , y s exp iu q exp iu q exp iu q c.c., 39 .  .  .  .  .1 1 2 3
g x , y s exp i 2u q u q exp i u q 2u q exp i u y u q c.c., .  .  .  .2 1 2 1 2 1 2
40 .
and
u s x , u s yx q 63 y r2, u s u q u , 41 .  .1 2 3 1 2
4p 2 q k 2 3p k 2 R .C C2 2b s y3p p q k y .1 C 2 2 2s 2 p q k .  . .C
3p A M k 4C Cy 2 2 2 2 52 p q k 4p q Ak .  . .C C
y14A M k3 C C2 2 2k q 4p y k R y , 42 . .C C 2 2 54p q Ak .C
4p 2 q 3k 2 3p k 2 R .C C2 2b s y3p p q k y .2 C 2 2 2s 2 p q k .  . .C
9p A M k 4C Cy 2 2 2 2 52 p q k 4p q 3 Ak .  . .C C
y149 A M k3 C C2 2 23k q 4p y 3k R y . 43 . .C C 2 2 54p q 3 Ak .C
 .  .The corresponding second order solutions of Eqs. A7 ] A10 for cases of
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rolls, square, and hexagons are
R uR s 0, . 2
ysin 2p z .
RT s ,2 2 22p p q k . .C
ysin 2p z .
RH s , 44 .2 2 22p p q k . .C
­ 2 w sr­ x ­ z .2SS u s , . 2 22k .C
­ 2 w sr­ y ­ z .2S¨ s ,2 22k .C
y1 p f x , y .
ST s q a y sin 2p z , .2 2 2 2 2 2 2 /p p q k p q k 4p q 2k .  .  .C C C
y1 p
S 2H s q 4p a y2 2 2 2 2 /p p q k p q k .  .C C
=
f x , y .
sin 2p z ; 45 .  .2 2 2 24p q 2k 4p q 2 Ak .  .C C
y3 3p
HH T s sin 2p z q b y . 2 12 2 2 2 2p p q k 2 p q k .  .C C
g x , y p g x , y .  .1 2q b y ,22 2 2 2 2 2 54p q k 2 p q k 4p q 3k .  .  .C C C
y3
HH s sin 2p z2 2 2 2p p q k .C
2 23p g x , y r 4p q Ak .  .1 C2q4p b y1 2 2 2 22 p q k 4p q k .  .C C
2 2p g x , y r 4p q 3 Ak .  .2 C2q4p b y ,2 2 2 2 2 52 p q k 4p q 3k .  .C C
b ­ 2 g sin 2p z b ­ 2 g sin 2p z .  .1 1 2 2Hu s q ,2 2 2­ x ­ z ­ x ­ zk 3kC C
b ­ 2 g sin 2p z b ­ 2 g sin 2p z .  .1 1 2 2H¨ s q . 46 .2 2 2­ y ­ z ­ y ­ zk 3kC C
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 .Now proceeding to third order, Eq. 30 is
L w s M L w q N V , V q N V , V q N V , T .  .  .  .  .0 e 2 1 1 1 1 2 1 2 1 2 1 2
q N V , T q N H , T q N H , T .  .  .2 2 1 3 1 2 3 2 1
q N H , H q N H , H . 47 .  .  .4 1 2 4 2 1
 .Here M is the coefficient of first order term in the expansion 27 for2
l. Substituting the linear solutions and second order solutions into Eq.
 .30 , as in the case of second order, the solvability conditions determine
M for rolls, squares, and hexagons:2
y1R 2 2 2 2 2 2M s R p q Ak q 2 A M k 2 Ak p q k , 48 . 4  4 .  .2 C C C C C
p 2 q Ak 2 .CSM s2 4 5s Ak .C
22 2 2ypa p q k y Rs k .C C
=
2pa 1 p
y y2 2 2 2 2 2 2 24p q 2k p q k p q k 4p q 2k .  .  .  . .C C C C
2 2M s k pC Cy pa y2 2 2 24p q 2k p q k .  .C C
=
2 22p 4p
1 y q2 2 2 2p q Ak 4p q 2 Ak .  .C C
2 M s Ak 4C Cq , 49 .2 2 2 2 5p q Ak p q k .  .C C
p 2 q Ak 2 .CHM s2 4 5s Ak .C
3b q b .2 1 22 2yp p q k .C 2
3b b 31 22yRs k p q 2 yC 2 2 2 2 2 24p q k 4p q 3k 2 p q k .  .  .C C C
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2 29p p
y y2 2 2 2 2 2 2 24 p q k 4p q k 4 p q k 4p q 3k .  .  .  . .  .C C C C
2 2M s k 3pb 9pC C 2y y2 2 2 224p q k 4 p q k .  . .C C
2 22p 4p
1 y q2 2 2 2p q Ak 4p q Ak .  .C C
2 2M s k pb pC C 2y y2 2 2 224p q 3k 4 p q k .  . .C C
2 22p 4p
1 y q2 2 2 2p q Ak 4p q 3 Ak .  .C C
3 M s Ak 4C Cq . 50 .2 2 2 2 5p q Ak p q k .  .C C
5. THE STABILITY OF PATTERNS ON THE SQUARE LATTICE
The fundamental wave vectors of the square lattice are k s k x andÃ1 C
k s k y, where x, y denote orthonormal vectors in the horizontal plane.Ã Ã Ã2 C
The kernel of linearized equations at M s M isC
W s z exp ik x q z exp ik y q c.c. sin p z : z , z g C 2 . .  .  .  . 4 .S 1 C 2 C 1 2
The stability of the square lattice is determined by considering the normal
 .  .form of vector field resulting from Eqs. 8 ] 14 . The most general
4 w xG -equivariant vector field on R is given by 16S
xÇ x x1 1 1s p q qd , g s g s 0, 51 .Ç Ç1 2x yx /  / /xÇ 2 22
 .where Z s x exp ig , j s 1, 2. The coefficients p and q are smooth realj j j
 2 2 . 2  2 2 .2valued functions of N s x q x and D s d s x y x involving the1 2 2 1
amplitude of the nonlinear surface wave and will be obtained in the
w xsubsequent discussion. Following 14 , the finite dimensional normal form
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 .for vector field associated with Eq. 51 is
x x1 1n x , x , l s « l q mN q « d , m / 0, « , 52 .  .  .1 2 0 1 1x yx /  /2 2
where « s sgn p , « s sgn q, m s p r¬ q ¬ , and the subscripts denote0 l 1 n
the partial derivative with respect to that variable.
 .  .  .Nontrivial solutions to 52 correspond to rolls R and squares S :
R x s A ) 0, x s 0; . 1 R 2
S x s x s A ) 0. . 1 2 S
w x  .The bifurcation analysis 17 of the normal form 52 of the vector field
 .51 yields that the rolls are stable supercritically for « s y1 and m -1
y1, while the square solutions are stable for « s 1 and m - 0. For1
discussing the stability of solutions, we will obtain the expressions for the
coefficients « , « , and m for the magnetic fluid system.0 1
 .The various coefficients appearing in 52 are calculated for the fixed
point space of solutions involving the rolls and squares. To achieve this we
 .make use of the Taylor series expansion of 51 confined to the fixed point
solutions only. On neglecting the higher order terms involving l , l , A ,R S R
and A and after some algebra, we obtainS
l s y 2 p rp A2 s M SA2 53 .  .S N l S 2 S
and
l s r y p rp A2 s M RA2 . 54 .  . .R N l R 2 R
 .The degeneracies in vector fields 51 occur when
p s 0, q s 0, p s q , 55 .N N
i.e.,
M R s 0, M S s 0, M S s 2 M R . 56 .2 2 2 2
 .  .  .On using Eqs. 53 ] 56 in 52 , we obtain
« s sgn 2 M R y M S , 57 . .1 2 2
m s « M Sr M S y 2 M R , 58 . .1 2 2 2
R S  .  .where M and M are given by Eqs. 48 and 49 , respectively. The2 2
numerical search reveals that for all possible values of physical parameters
of s and A for magnetic fluids and for Rayleigh number R ranging from 0
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S R  S R.to R , M ) 0, M ) 0, and M y 2 M ) 0, implying thereby thatC 2 2 2 2
the coefficients « s y1 and m is always less than y1. Thus rolls are1
stable and the square solutions are unstable in the magnetic fluids.
6. THE STABILITY OF PATTERNS ON HEXAGONAL LATTICE
The fundamental wave vectors of the hexagonal lattice are
1k s k x , k s y k x y 63 y , k s y k q k . 59 .  . .Ã Ã Ã1 C 2 C 3 1 22
w xFollowing Buzano and Golubitsky 18 , for the hexagonal lattice, the GH
invariant subspace of critical modes is
W H s z exp ik x q x exp ik yx q 63 y .  .  . 1 C 2 C
qz exp ik x q 63 y q c.c. sin p z : z , z , z g C3. 60 .  .  .4 . .3 C 1 2 3
G acts irreducibly on this subspace.H
2 w xThe most general D = T = Z equivariant vector field 10 is6 2
z s H z q P z z , i / j / k , i , j, k s 1]3, 61 .Çi i i i j k
where
H s h q u h q u2 h , u s¬ z ¬ 2 ,j 1 j 3 j 5 j j
and P s p q u p q u2 p ; j s 1, 2, 3. 62 .j 5 j 7 j 9
h and p are functions of l and the invariants s , s , s , q:i i 1 2 3
s s u q u q u , s s u u q u u q u u , s s u u u ,1 1 2 3 2 1 2 2 3 3 1 3 1 2 3
q s z z z q z z z . 63 .1 2 3 1 2 3
The nondegeneracy conditions are
h 0 s 0, h 0 q h 0 s 0, h 0 q 2h 0 s 0, .  .  .  .  .1, l 3 1, s 3 1, s1 1
h 0 q 3h 0 s 0, h 0 s 0, p 0 s 0. 64 .  .  .  .  .3 1, s 3 51
 .The nontrivial solutions to z s z , z , z on a neighborhood of bifurca-1 2 3
 .  .tion point z, l s 0, 0 are, with fixed point spaces:
R R 1, 0, 0 , .  .
H R 1, 1, 1 . 65 .  .  .
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w xThe universal unfolding for the corresponding normal form is 11
5 2 3z s z l q as q u q cqz z q O z , l z , l z , 66 .  .  .Ç1 1 1 1 2 3
a q 1 s 0, 2 a q 1 s 0, 3a q 1 / 0, c s "1; 67 .
a s h 0 rh 0 .  .1, s 31
and
c s sgn p 0 h 0 . 68 .  .  . .5 3
We now consider the solution with one dimensional fixed point spaces:
R z s A ) 0, z s z s 0, A g R; 69 .  .1 R 2 3 R
H z s z s z s A ) 0, A g R 70 .  .1 2 3 H H
On restricting the Taylor series expansion of the general vector field to the
 .  .fixed point spaces of H and R and neglecting higher order terms, we
obtain, for a sufficiently small neighborhood of the bifurcation point,
3h q h rh s yl rA2 s yM H 71 . .1, s 3 1, l H H 21
and
h q h rh s yl rA2 s yM R . 72 . .1, s 3 1, l R R 21
 .The degeneracies in the vector field 66 occur when
M R s 0, M R q M H s 0, M H s 0, M H y 3 M R s 0. 73 .2 2 2 2 2 2
 .For the trivial solution to be stable subcritically we have sgn h s 1.1, l
 .After some algebra, we get from 68 ,
a s y M H y M R r M H y 3 M R , 74 . .  .2 2 2 2
sgn h 0 s sgn M H y 3 M R . 75 .  . .  .3 2 2
H R  .  .The quantities M and M are the same as in 50 and 48 , respectively.2 2
w xFollowing 18 , we require that for the existence of stable branches, all
solution branches must bifurcate supercritically. The nontrivial rolls solu-
 .tion can exist only when sgn h 0 s 1 and a - y1. For hexagons to be3
 .stable, sgn h 0 s y1 and a ) y1r3. We observe that for all values of R3
ranging from 0 to R and for accessible values of A and s for magneticC
R H H R  .fluids M ) 0, M ) 0, and M y 3 M ) 0, implying thereby from 712 2 2 2
 .  .and 72 , that h 0 ) 0 and a - y1. Therefore the rolls are stable and3
the hexagons are unstable in magnetic fluids.
The amplitudes of rolls, squares, and hexagons have been plotted
against the bifurcation parameter l for different values of parameter
s 300, 600 and A s 1, 5 in Fig. 2 for s s 25. It is observed that only rolls
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 .  .FIG. 2. The amplitudes of rolls, squares, and hexagons in the l, A plane for a s s 25,1
 .  .A s 1, and R s 300; b s s 25, A s 1, and R s 600; c s s 25, A s 5, and R s 300.
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FIG. 2.}Continued
survive and the amplitudes of patterns}rolls, squares, and hexagons}de-
crease with increases in R and A.
We conclude that only rolls are found to be stable on both the square
lattice and the hexagon lattice whenever they bifurcate supercritically.
APPENDIX
The various operators are
­ 2 ­ 2 ­ 2
2 6L w s s A= q 1 y A = w y s R y .  .0 2 2 2 /  /­ z ­ x ­ y
22 2 2­ ­ ­
2= A= q 1 y A w y s M A q w , A1 .  .C2 2 2 /  /­ z ­ x ­ y
22 2­ ­
L w s s M A q w , A2 .  .1 C 2 2 /­ x ­ y
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 .and the nonlinear interaction terms N i s 1]5 are given byi
­ 2
2 2N V, V s A= q 1 y A = .  .1 2 /­ z
2 2 2 2­ ­ ­ ­
q V ? = w y V ? = u y v ? = ¨ , .  .  .2 2 / ­ x ­ z ­ y ­ z­ x ­ y
A3 .
­ 2 ­ 2 ­ 2
2N V, T s ys R q A= q 1 y A V ? = T .  .  .2 2 2 2 / /­ x ­ y ­ z
22 2­ ­
y s M A q V ? = T , A4 .  .C 2 2 /­ x ­ y
­ 2
2 2N H , T s y s M A= q 1 y A = .  .3 C 2 /­ z
2 2­ ­ ­ T
q H2 2  / / ­ z­ x ­ y
2 2­ ­ T ­ ­ T
y H y H , A5 . /  /­ x ­ z ­ x ­ y ­ z ­ y
and
x ­ 2r 2N H , H s s M A= q 1 y A .  .4 C 2 /  /1 q x ­ z .r
2 2­ ­ ­ H
2= q H2 2  / / ­ z­ x ­ y
2 2­ ­ H ­ ­ H
y H y H . A6 . /  /­ x ­ z ­ x ­ y ­ z ­ y
The steady state equations for u, ¨ , T , and H are
2 2­ ­
4s = u q y q V ? = u .2 2  /­ y ­ z
­ 2 ­ 2
q V ? = ¨ q V ? = w .  . 5­ x ­ y ­ x ­ z
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­ 2 ­ 2
s s R T q s M T y H .  .C­ x ­ z ­ x ­ z
2 2­ ­ ­ T x ­ Hrq s M y q H y HC 2 2  / ­ x 1 q x ­ x­ y ­ z  .r
2­ ­ T x ­ Hrq H y H
­ x ­ y ­ y 1 q x ­ y .r
2­ ­ T x ­ Hrq H y H , A7 .5­ x ­ z ­ z 1 q x ­ z .r
2 2­ ­
4s = ¨ q y q V ? = ¨ .2 2  /­ x ­ z
­ 2 ­ 2
q V ? = u q V ? = w .  . 5­ x ­ y ­ y ­ z
­ 2 ­ 2
s s R q s M T y H .C­ y ­ z ­ y ­ z
2 2­ ­ ­ T x ­ Hrq s M y q H y H2 2  / ­ y 1 q x ­ y­ x ­ z  .r
2­ ­ T x ­ Hrq H y H
­ x ­ y ­ x 1 q x ­ x .r
2­ ­ T x ­ Hrq H y H , A8 .5­ y ­ z ­ z 1 q x ­ z .r
V ? = T y =2T s w , A9 .  .
and
­ 2H ­ 2T
2A = H q 1 y A s . A10 .  .2 2­ z ­ z
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